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Consider a p-homogeneous functional E (p) (p > 2) and suppose
that a weighted Poincaré inequality involving it holds. Then all
solutions u(t) to the evolution equation driven by the associated
weighted p-Laplacian satisfy, for any 1 < q0   < +∞, t > 0,
the bound ‖u(t)‖  C‖u(0)‖q0/q0 t−(−q0)/[(p−2)] . Such bound is
in fact equivalent to the Poincaré inequality. There are examples
in which the Poincaré inequality holds but the evolution does not
map Lq0 into L∞ for any t and any q0 = ∞. Moreover, if a p-
logarithmic Sobolev inequality holds then the Poincaré inequality
is shown to hold too, therefore the previous regularization result
is valid. Finally, the weighted Sobolev-type inequality ‖u‖q 
CE (p)(u) (q < p) implies Lq0–L regularization of the evolution for
any  < ˜, all q0 < ˜ and an explicit ˜. There are cases in which
the weighted Sobolev-type inequality holds but the associated
evolution does not map Lq0 into L˜+ε for any t > 0, ε > 0, q0 < ˜.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction, preliminaries and statement of the main results
The connection between functional inequalities and Lr–Ls regularization properties of suitably as-
sociated evolution is a very studied subject in the linear setting, for which one can refer to the
* Address for correspondence: Dipartimento di Matematica, Politecnico di Milano, Piazza Leonardo da Vinci 32, 20133 Milano,
Italy.
E-mail address: gabriele.grillo@polimi.it.0022-0396/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2010.05.022
2562 G. Grillo / J. Differential Equations 249 (2010) 2561–2576classical books of Davies [9] and Saloff-Coste [18] and to the references quoted therein. Extension
to classes of nonlinear evolution has been given in several different contexts, including the porous
media equation, the fast diffusion equation, the p-Laplacian driven evolution, e.g. in the papers [7,2,
11,3,4], where quantitative Lq–L∞ bounds for the solution are proved as a consequence of the classi-
cal Sobolev inequality only and, in certain cases, they are shown to be equivalent to such inequality.
Such bounds are of the form ‖u(t)‖∞  C‖u(0)‖γq0t−α for any t > 0 and any Lq0 data, where α,γ are
explicit and are linked to the scaling properties of the equation at hand. In fact, considering e.g. evo-
lutions whose generators are weighted p-Laplacians on Euclidean domains Ω , similar considerations
hold provided an inequality of the form
∫
Ω
uσ w dx C
(∫
Ω
|∇u|p v dx
)σ/p
, (1.1)
where v,w are weights (positive measurable functions) and it is crucial for the above result to hold
that σ is larger than p. The generator of the evolution considered is a version of the (p, v,w)-
Laplacian (p,v,w) deﬁned formally as (p,v,w)u = w−1∇ · (v|∇u|p−2∇u). Recently, M.M. Porzio has
provided in [17] a new very interesting and abstract method to prove bounds of such type, which is
based on a suitable integral inequality for solutions and on a clever iteration method. Her method is
particularly suitable to deal with cases in which the generator of the evolution involve coeﬃcients
having very low or no regularity. In the speciﬁc examples considered in such paper, the required
integral inequality is shown to be satisﬁed as a consequence of Sobolev inequality, thus showing once
again the relevance of such inequality in connection with Lq–L∞ bounds for the evolution considered.
Our goal here will be to investigate the consequences of inequalities of the form (1.1) in the case
in which q is not larger than p, a case which is perfectly possible when weights are present in such
inequalities (see [16] for details and wide classes of examples). In particular, we shall study in detail
the Poincaré-type case p = q and show that such inequality is equivalent to regularization effects of
the form ‖u(t)‖  C‖u(0)‖γq0t−α where  ∈ [q0,∞), t > 0 and u(0) ∈ Lq0 are arbitrary, α,γ being
explicit. One may notice the contrast with the linear situation in which a Poincaré-type inequality
only implies exponential decay of the L2 norm and, in principle, only hypercontractive bounds for
the evolution can be obtained even from the stronger logarithmic Sobolev inequality [13]. Finally,
regularization up to L∞ need not occur as shown by a speciﬁc example. In the case q < p, Lq0–L
regularization holds for any  < ˜, such result being close to be sharp since Lε+˜ regularization need
not hold.
To introduce the results in greater detail, we start considering a Riemannian manifold (M, g),
whose Riemannian measure is denoted by m. We shall consider two (m)-measurable functions V ,W
and the corresponding measures dμ := eV dm, dν := eW dm, assumed to be locally ﬁnite. Hereafter
all Lp spaces and the corresponding norms will be considered w.r.t. ν unless explicitly speciﬁed. In
particular we use the notation ‖u‖q to denote the Lq norm (
∫
M |u|q dν)1/q . The central object of this
paper will be the following energy functional:
E(p)(u) := 1
p
∫
M
∣∣∇u(x)∣∣px dμ. (1.2)
Here ∇ is the Riemannian gradient and | · |x is the Riemannian length in the tangent space TxM .
The parameter p will always be required to satisfy the condition p > 2. The manifold M may have a
boundary, in which case eV and eW could be degenerate or singular there as well.
The functional E (p) is ﬁrst considered on the space C∞c (M). Then we deﬁne the space Ap0 (M) to be
the completion of C∞c (M) under the norm ‖u‖p + E (p)(u)1/p : in fact, when a Poincaré inequality will
be required (see (1.3)), closure can be taken w.r.t. the equivalent norm E (p)(u)1/p . When a Sobolev-
type inequality is assumed, closure will be taken w.r.t. (see (1.7), where we are requiring σ < p)
‖u‖σ + E (p)(u)1/p or again w.r.t. the equivalent norm E (p)(u)1/p . One then consider the functional
at hand as being ﬁnite only on the Sobolev space Ap0 (M). If M has a boundary, we shall say that
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and μ as well. It will be a consequence of the validity of the functional inequalities we shall discuss,
and hence required hereafter without further comment, that the constant functions do not belong
to Ap0 (M), both in the case in which M has a boundary and in the case in which it has no boundary.
In the ﬁrst case this assumption is related to the fact that, if eV and eW tend to zero at the boundary,
such convergence must not occur too fast. In the second case a similar comment applies to the rate
of decay at inﬁnity (in the geodesic distance) of such functions.
The subgradient of this functional (cf. [5,20]) is a version of the (p, V ,W )-Laplacian Ap,V ,W acting
on L2(M, ν), an operator which in the ﬂat case reads formally as
Ap,V ,W := e−W ∂i
(
eV |∇u|p−2∂iu
)
,
where the summation convention is used. Notice that, formally, (u, Ap,V ,Wu)L2(μ) = −pE (p)(u). In the
nonﬂat case one should replace, in local coordinates, the gradient operator by gij∂ j and the divergence
operators by the operator acting on vector ﬁelds ξ as g−1/2∂i(g1/2ξi), where g is the determinant of
the metric tensor. For an excellent discussion of the evolution equation associated to p-Laplacian-like
operators in the Euclidean case and their Lq–L contractivity properties see [21].
1.1. Well-posedness of the evolution
Several different assumptions can be made in order that E (p) is lower semicontinuous in the L2
topology. We shall in the sequel use the following one.
Assumption 1.1. We require that the following conditions hold: e2V−W ∈ L1loc(m) and e−W |∇(eV )|2 ∈
L1loc(m).
Notice that the above conditions are purely local: this is a reminder of known results on the
closability of linear quadratic forms, as can be found for example in [9, Theorems 1.2.5–1.2.6]. To
investigate the well-posedness of the evolution and some of its main properties we need the following
result.
Proposition 1.2. Under the assumptions of Assumption 1.1 the functional E (p) , considered as ﬁnite on Ap0 (M)
and inﬁnite otherwise, is convex and lower semicontinuous in the strong topology of L2(ν), so that (see [5]) its
subgradient deﬁnes a nonexpansive semigroup {Tt}t0 in L2(ν). Such semigroup enjoys the Markov property,
in the sense that it preserves order, namely u  v implies Ttu  Tt v, and that it is nonexpansive (in particular
contractive since Tt0 = 0) on each Lq(ν) space for any q ∈ [1,+∞], namely ‖Ttu − Tt v‖q  ‖u − v‖q.
Proof. The only relevant point is proving lower semicontinuity, the other properties being then valid
by the results of [8].
To this end take a sequence un such that un → u strongly in L2 and ∇un ⇀ X weakly in Lp(μ).
Let χ be smooth and compactly supported, denote by ∇· the Riemannian divergence and by 〈·,·〉 the
Riemannian coupling in the tangent bundle, and compute
∫
M
〈X,χ〉dμ = lim
n→+∞
∫
M
〈∇un,χ〉dμ
= lim
n→+∞
∫
M
〈∇un,χeV 〉dm = − lim
n→+∞
∫
M
un∇ ·
(
χeV
)
dm
= − lim
n→+∞
∫
une
−W∇ · (χeV )dν = −∫ ue−W∇ · (χeV )dν
M M
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e−W∇ · (χeV )= eV−W ∇ · χ + e−Wχ · ∇eV
so that suﬃcient conditions in order this latter quantity to be in L2(ν) are
∫
K
e2V−2W eW dm < ∞,
∫
K
e−2W
∣∣∇eV ∣∣2eW dm < ∞
for all compact set K , which are the assumed conditions. This implies that X = ∇u, so that the
assertion follows by the lower semicontinuity of the Lp norm. 
1.2. Statement of the results
Our main goal will be to investigate the consequences of the following Poincaré inequality, C being
a positive constant:
‖ f ‖pp  CE(p)( f ), ∀ f ∈ Ap0 (M). (1.3)
The main result of [13] is that, under a condition involving a logarithmic Sobolev inequality, which
turns out to be stronger than (1.3) (see Section 3), Tt brings Lq0 data into L for all t > 0 and for all
,q0 with 1 q0   < +∞, but that result fails to be quantitative. We shall improve that result as
follows:
Theorem 1.3. The validity of the Poincaré inequality (1.3) implies the validity of the following bounds for any
solution u(t) := Tt [u(0)] to the evolution equation associated to the subgradient of E (p):
∥∥u(t)∥∥

 C
t
−q0
(p−2)
∥∥u(0)∥∥q0/q0 , ∀u(0) ∈ Lq0 , ∀t > 0, (1.4)
where 1 q0   < +∞ and C is a positive constant depending on ,q0 . Conversely, if (1.4) holds for some 
and some q0 with 1  q0 < 2   < +∞, then (1.3) holds. Hence, the validity of (1.4) for some ,q0 with
1 q0 < 2  < +∞ implies the validity of such inequality for all ,q0 with 1 q0 <  < +∞.
Moreover, if ν is a ﬁnite measure, then the validity of the Poincaré inequality (1.3) implies that for all
q ∈ (1,+∞) the absolute bound
∥∥u(t)∥∥q  c
t
1
p−2
, ∀t > 0 (1.5)
holds true for a suitable constant c independent of u(0).
Finally, there are examples in which (1.3) holds but there exist solutions u(t) such that u(0) ∈ Lq0 for all
q0 ∈ [1,∞), but u(t) fails to belong to L∞ for any t > 0.
It is hopeless to give exhaustive reference about results on weights for which (1.3) holds. We con-
ﬁne ourselves to refer to [16] and references quoted therein. In particular see Theorem 1.14 there
for a characterization of allowable weights in the one-dimensional case, Chapter 2 for extensions
to the higher dimensional setting, Section 15 for a discussion of conditions on weights involving
Muckenhoupt-type conditions (see also, for example, [19] and references quoted therein), and Sec-
tion 16 for references to the capacity conditions of Maz’ja [15].
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decay of norm of solutions for large time. The example mentioned in Theorem 1.3 (see Section 3 for
its explicit construction) will show that this need not be the case.
It is natural to investigate the relationship between logarithmic Sobolev inequalities and the
Poincaré inequality. The connection between logarithmic Sobolev inequalities and Poincaré inequal-
ities is well known in the linear case [14], but seems not to have been studied in the present setting.
We then consider the case in which eV is a probability measure on M , so that the μ-volume of M is
one. We shall investigate the consequences of the validity of a p-logarithmic Sobolev inequality, namely
∫
M
up log
(
u
‖u‖p
)
dν  c1E(p)(u) (1.6)
for any Ap0 (M) and a suitable real constant c1.
Remark 1.5. 1) An inequality like (1.6) cannot hold in the whole maximal domain of E (p) , call it
Ap(M), if M has ﬁnite μ-measure. In fact, notice that the constant functions belong to Ap . One may
then gauge the validity of the claimed inequality on functions of the type f = 1+ sg with g a smooth
function and s a small parameter. It is clear that the r.h.s. of (1.6) behaves like sp , while the l.h.s.
behaves like s2 for small s. Such inequality is then false on Ap since p > 2 by assumption.
2) As already mentioned, the validity of (1.6) implicitly implies the absence of constants in Ap0 (M).
This is reminiscent of the concept of recurrence of a linear Dirichlet form, see [12].
3) See [22] for an interesting construction of weighted logarithmic Sobolev inequalities on general
Riemannian manifolds. Since Lp logarithmic Sobolev inequalities follow, when p > 2, from their L2
analogues (see [13]), this result yields inequalities of the form (1.6) as well.
We shall prove the following result.
Theorem 1.6. Suppose that (1.6) holds true for all u ∈ Ap0 (M). Then there exists C > 0 such that the Poincaré
inequality ∫
M
|u|p dν  CE(p)(u) (1.7)
holds true for all u ∈ Ap0 (M). Hence the results on the nonlinear evolution associated to the subgradient of E (p)
given in Theorem 1.3, namely (1.4) and (1.5), hold if the p-logarithmic Sobolev inequality (1.6) is satisﬁed.
The validity of the Lq0–L regularization property for the stated range of q0, was proved in [13]
when (1.6) holds, but the quantitative bounds given there were poor, since they either had a form
involving E (p)(u0), thus being very different and weaker than the ones valid in the linear situation,
or they were somewhat implicit, with short time behavior of the form ‖u(t)‖q  c1ec2/t and a long
time behavior not precised. Passing through the Poincaré inequality allows one to strengthen them as
stated.
The validity of Sobolev inequalities like
‖ f ‖σ  CE(p)( f ), ∀ f ∈ Ap0 (M) (1.8)
with σ > p has well-known consequences for the associated p-Laplacian-type evolutions. In fact, in
the terminology of [2,3], it can be shown to be equivalent to ultracontractivity of such evolutions,
namely to the fact that instantaneous Lq0–L∞ regularization holds with quantitative bounds on the
L∞ norm. The consequences of the validity of the (weaker) Poincaré inequality (namely Eq. (1.8) with
σ = p) have been investigated in Theorem 1.3 above. But, dealing with weighted norms, there is in
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as to Sobolev-type inequalities to distinguish between them and the similar ones in which σ > p. We
have in this connection the following result, dealing with a Sobolev-type inequality in which σ is not
too close to one.
Theorem 1.7. Suppose that (1.8) holds, with σ ∈ ( pp−1 , p). Then if 1 q0   < (p−2)σ /(p−σ) the bound
∥∥u(t)∥∥

 C
‖u(0)‖βq0
tα
, ∀u(0) ∈ Lq0 , ∀t > 0, (1.9)
holds true, where β = ( q0[(p−2)σ−(p−σ)][(p−2)σ−(p−σ)q0] )p/σ and α = (1− β)/(p − 2).
Moreover, whenever σ > 2 there are examples in which (1.8) holds but there exists solution u(t) such that
u(0) ∈ Lq0 for all q0 ∈ [1, (p − 2)σ /(p − σ)), but u(t) fails to belong to Lε+(p−2)σ/(p−σ) for any t > 0 and
any ε > 0.
If (1.9) holds for some choice of α and β satisfying α = (1 − β)/(p − 2), and for some   2, then (1.8)
holds replacing σ by q¯ := 2q0p(1 − β)/[pq0 − 2β(p − 2 + q0)]. As a consequence, if (1.8) holds for some
σ > 2 then the same inequality holds whenever σ is replaced by any q ∈ (2, σ ].
Classes of examples for which the above Sobolev-type inequality holds can be found in [16], see
Theorem 1.15 there for a characterization of allowable weights in the one-dimensional case, Sec-
tions 12.12 and 13 for the extension to higher dimensions, and Section 16 for references to the
capacity conditions of Maz’ja [15].
Notice that the above Lq0 –L bound is close to be sharp in a sense similar to the one of The-
orem 1.3, because regularization in Lε+(p−2)σ/(p−σ) does not hold in general, at least when σ > 2.
Since the requirement σ > (p − 1)/p amounts to asking that (p − 2)σ /(p − σ) > 1 and because of
the almost sharpness of the above result, we do not expect that a result like the previous one can be
extended to σ below that value, although of course this is an open problem. We also do not know
whether the above regularization can be extended to L(p−2)σ/(p−σ) . Also notice that the second part
of the previous theorem is on the one hand weaker than the similar result proved in Theorem 1.3
since we do not know whether (1.9) and (1.8) are equivalent in the present case, but on the other
hand the method of proofs yields an additional result of a purely functional analytic type: the validity
of a certain weighted Sobolev-type inequality is indeed shown to imply the validity of other such
inequalities corresponding to different values of q. Of course the latter result is nontrivial only when
ν(M) = ∞.
To close this section we notice that more general situations can be dealt with identical methods:
for example the energy functional can be replaced by a similar one in which |∇u|p is replaced by
a(∇u,∇u)|∇u|p−2 for a measurable, strictly elliptic metric a on the tangent bundle, or ∇ can be
replaced by a suitable vector valued derivation, like for example the one associated to a collection
of Hörmander vector ﬁelds. We restrain for discussing these cases to keep the notation as simple as
possible and not to obscure the core of the argument.
The paper is organized as follows. In the next section we prove the main part of Theorem 1.3 and
the whole Theorem 1.7. Section 3 will deal with the proof of Theorem 1.6 and the remaining part of
Theorem 1.3.
2. Proof of Theorems 1.3 and 1.7
2.1. Proof of Theorem 1.3
We prove ﬁrst that (1.3) implies (1.4). We recall the notation
J (r, f ) =
∫ | f |r
‖ f ‖rr log
( | f |
‖ f ‖r
)
dν,M
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assumption being standard because of the order preserving of the evolution. To derive a suitable
family of logarithmic Sobolev inequalities there exist known arguments which are outlined in much
greater generality in [1]: but in the present explicit case, as noticed in a different context in [3], things
are quite elementary so we derive such inequalities explicitly. We compute, for all r ∈ (0, p), using
Jensen’s inequality w.r.t. the probability measure (| f |r/‖ f ‖rr)dν and the assumed Poincaré inequality:
J (r, f ) = 1
p − r
∫
M
log
( | f |p−r
‖ f ‖p−rr
) | f |r
‖ f ‖rr dν
 1
p − r log
(‖ f ‖pp
‖ f ‖pr
)
 1
p − r log
(
C
E(p)( f )
‖ f ‖pr
)
,
C denoting the constant appearing in the Poincaré inequality. We may also write, using the inequality
log x εx− logε
J (r, f ) Cε
p − r
E(p)( f )
‖ f ‖pr
− logε
p − r
and ﬁnally, using the identity r J (1, | f |r) = J (r, f ):
E(p)( f ) p − r
εC
‖ f ‖pr
[
1
r
J
(
1, | f |r)+ 1
p − r logε
]
for all ε > 0, r ∈ (0, p). Let now, as in [7] (as originally introduced long ago by Gross [14]), q : [0, t] →
[q0,] by an increasing, smooth bijection. Standard calculations yield, dropping the s-dependence for
notational convenience,
d
ds
log‖u‖q = q˙
q
J (q,u) −
(
p
q + p − 2
)p q − 1
‖u‖qq
E(p)(u(q+p−2)/p).
In fact, this is in principle allowed ﬁrst for essentially bounded data (which entails that solutions are
essentially bounded), but the procedure which allows to pass from this class of data to general ones
is known and we refer e.g. to [7] for details.
This also gives, for any value of the parameter r ∈ (0, p):
d
ds
log‖u‖q  q˙
q2
J
(
1,uq
)
−
(
p
q + p − 2
)p q − 1
‖u‖qq
p − r
εC
‖u‖q+p−2(q+p−2)r/p
[
1
r
J
(
1,u(q+p−2)r/p
)+ 1
p − r logε
]
.
Choosing
ε = q
2
q˙
(
p
q + p − 2
)p
(q − 1)(p − r)
Cr
‖u‖q+p−2(q+p−2)r/p
‖u‖qq
= ε1
‖u‖q+p−2(q+p−2)r/p
‖u‖qq
,
the latter equality being meant as a deﬁnition of the quantity ε1, we arrive at
d
log‖u‖q = q˙2
[
J
(
1,uq
)− J(1,u(q+p−2)r/p)]− q˙r
2
logε.
ds q q (p − r)
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this value of r is then allowable and yields
d
ds
log‖u‖q = − q˙
q(p − 2) logε = −
q˙
q(p − 2) logε1 −
q˙
q
log‖u‖q (2.1)
where
ε1 =
(
p
q + p − 2
)p q(q − 1)(p − 2)
Cq˙
.
We have obtained in (2.1) a differential inequality for y := log‖u‖q , in the form y′  −A(t) − q˙q y,
which implies
y(t) = e−
∫ t
0
q˙
q ds
[
y(0) −
t∫
0
A(s)e
∫ s
0
q˙
q dv ds
]
= q0

[
y(0) − 1
q0
t∫
0
A(s)q(s)ds
]
.
This can be rewritten as
log
∥∥u(t)∥∥

 log
∥∥u(0)∥∥q0/q0 − 1
t∫
0
A(s)q(s)ds.
The latter integral is easily computable with a particular choice of q(s), e.g. q(s) = q0 + s(−q0)/t , so
that q˙ = ( − q0)/t . In fact the expression of ε1 and the change of variable q(s) = ξ give
t∫
0
A(s)q(s)ds = 1
p − 2
∫
q0
log
[
tξ(ξ − 1)(p − 2)
( − q0)C
(
ξ
ξ + p − 2
)p]
dξ
=  − q0
(p − 2) log t + C1,
where C1 is the value of a suitable convergent integral independent of t . Therefore
log
∥∥u(t)∥∥

 log
∥∥u(0)∥∥q0/q0 −  − q0(p − 2) log t + C2
or equivalently
∥∥u(t)∥∥

 K
‖u(0)‖q0/q0
t(−q0)/[(p−2)]
.
Conversely suppose that (1.4) holds for  = 2 and some q0 ∈ [1,2). Since it is known that E (p)(u)
decreases along the evolution [5], it follows that
∥∥u(t)∥∥22 − ∥∥u(0)∥∥22 −2tE(p)(u(0)),
so that, using (1.4):
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q0
q0
t(2−q0)/(p−2)
+ 2tE(p)(u(0)).
In the r.h.s. of the above inequality we get a function of t > 0 which has a unique minimum at
t = tˆ = const.
( ‖u(0)‖q0q0
E(p)(u(0))
)(p−2)/(p−q0)
.
Writing such inequality for t = tˆ gives, c being a suitable positive constant:
‖ f ‖22  c
[E(p)( f )]p(2−q0)/[2(p−q0)]‖ f ‖q0(p−2)/[2(p−q0)]q0 , ∀ f ∈ Ap0 (M) ∩ Lq0 (2.2)
where we have replaced u(0) by f for notational convenience. This is an inequality of Gagliardo–
Nirenberg type which is well studied in the literature. In fact, it is known that an inequality of the
above form falls within the class considered in [1], whose results relevant for what follows we recall
brieﬂy. In fact, for a suitable class of functionals W , consider an inequality of the form
‖ f ‖r 
(
CW ( f )
)ϑ‖ f ‖1−ϑs (2.3)
where r, s ∈ [1,+∞] and ϑ ∈ [0,1]. Consider the constant κ deﬁned by
1
r
= ϑ
κ
+ 1− ϑ
s
.
Notice that the inequality (2.2) is of the form (2.3), with r = 2, s = q0, ϑ = p(2 − q0)/[2(p − q0)],
W ( f ) = [E (p)( f )]1/p .
It is immediate to check that, with the present choice of the parameters, one gets κ = p. A crucial
result of [1, Theorem 3.1] is that, if certain parameters r0, s0, ϑ0 deﬁne a κ > 0 and suitable conditions
on W hold, the validity of the inequality (2.3) for the parameters r0, s0, ϑ0 implies the validity of all
the inequalities (2.3) whenever r, s, ϑ deﬁne the same values of q.
In particular the inequality ‖ f ‖κ  CW ( f ) is also satisﬁed, at least on a suitable core of functions.
Our choice of W is easily seen to satisfy the required conditions, as explicitly noted in [1, pp. 1038–
1039], where the functional is thought of to be deﬁned originally on compactly supported Lipschitz
functions. Hence, since κ = p here, the Poincaré inequality holds on Lipschitz compactly supported
functions, and hence for all f ∈ Ap0 (M).
A similar conclusion holds if  > 2, since the validity of (1.4) for such  implies the validity
of a similar inequality for  = 2, as follows by interpolating with the contractivity property of the
evolution in Lq0 .
Finally, if a single inequality of the form (1.4) holds for the stated choice of parameters, the
Poincaré inequality holds as well as we have shown so that, using the ﬁrst part of the theorem,
all the inequalities (1.4) hold for the allowed range of parameters.
We now pass to the proof of the absolute bounds. Since their form is slightly different from the
one considered in [7], we give some more details on the approximation procedure mentioned above,
for the convenience of the reader. Take then ﬁrst positive data in L∞(μ). Then one has
d
dt
∥∥u(t)∥∥qq = −q(q − 1)
(
p
q + p − 2
)p
E(p)(u(q+p−2)/p).
The Poincaré inequality just proved and Cauchy–Schwarz (recall that we work on a space of ﬁnite
measure) then imply:
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dt
∥∥u(t)∥∥qq −c‖u‖q+p−2q+p−2 −c‖u‖q+p−2q ,
where c is a numerical constant which may change from line to line. Therefore, setting y(t) = ‖u(t)‖qq
we have y˙ −C y1+δ , with δ = (p − 2)/q > 0. Integrating this gives y(t) (Ct + y(0)−δ)−1/δ , i.e.
∥∥u(t)∥∥q  1(Ct + 1‖u(0)‖p−2q )1/(p−2)
 const.
t1/(p−2)
(2.4)
where C does not depend on u0. The thesis follows by approximating data in L1+ε(μ) with data
in L∞(μ). In fact take a sequence un ∈ L∞(μ) such that un → u(0) in Lq(μ). Then, denoting by un(t)
the time evolved of un at a ﬁxed t > 0, {un(t)} is a bounded sequence in Lq(μ). Therefore, passing
to a subsequence, we can assume that un(t) converges weakly in Lq(μ) to a function v belonging
to such space. But the Markov property for the evolution considered shows that ‖un(t) − u(t)‖q 
‖un − u(0)‖q → 0 by construction. Then strong convergence in Lq(μ) of un(t) to u(t) holds, so that
v = u(t). Lower semicontinuity of the norm w.r.t the weak topology shows that the bound (1.5) for
‖u(t)‖q is inherited by the corresponding bound for ‖un(t)‖q .
We defer to the end of the last section the proof of the last sentence, namely the construction of
an explicit counterexample to a possible Lq0 –L∞ regularization.
2.2. Proof of Theorem 1.7
To prove the ﬁrst claim we follow the same strategy used in the previous proof, so the discussion
will be concise and we shall stress only the main points. In fact, let r ∈ (0, σ ). Proceeding as above
but using the Sobolev-type inequality (1.8) we get
J (r, f ) 1
σ − r log
(
C
E(p)( f )
‖ f ‖pr
)
,
C denoting the constant appearing in (1.8). Therefore
J (r, f ) Cε
σ − r
E(p)( f )
‖ f ‖pr
− logε
σ − r
or equivalently:
E(p)( f ) σ − r
εC
‖ f ‖pr
[
1
r
J
(
1, | f |r)+ 1
σ − r logε
]
for all ε > 0, r ∈ (0, σ ). As a consequence
d
ds
log‖u‖q  q˙
q2
J
(
1,uq
)
−
(
p
q + p − 2
)p q − 1
‖u‖qq
σ − r
εC
‖u‖q+p−2
(q+p−2)r/p
[
1
r
J
(
1,u(q+p−2)r/p
)+ 1
σ − r logε
]
.
The choice
ε = q
2
q˙
(
p
q + p − 2
)p
(q − 1)(σ − r)
Cr
‖u‖q+p−2(q+p−2)r/p
‖u‖qq
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d
ds
log‖u‖q = q˙
q2
[
J
(
1,uq
)− J(1,u(q+p−2)r/p)]− q˙r
q2(σ − r) logε.
To get rid of the two entropic functionals J we must require as before that r = qp/(q + p − 2), but
now this is compatible with the bound on r only if q < (p− 2)σ /(p−σ). The latter quantity is larger
than one, thus allowing for the Lq0–L
 regularization effect, precisely when σ > (p − 1)/p. Under this
bound we thus get
d
ds
log‖u‖q − q˙r
q2(σ − r) logε,
where ε = ε1‖u‖p−2q and
ε1 = q(q − 1)
Cq˙p
(
q
q + p − 2
)p[
σ(p + p − 2) − qp].
Coming back to the differential inequality for log‖u‖q we thus get
d
ds
log‖u‖q − q˙p
p[σ(q + p − 2) − qp] logε1 −
q˙p(p − 2)
p[σ(q + p − 2) − qp] log‖u‖q.
Integrating such differential inequality is longer than before but is anyway standard. Set as before
y := log‖u‖q and rewrite the above inequality as y′ −A(t) − B(t)y. This implies
y(t) e−
∫ t
0 B(s)ds
[
y(0) −
t∫
0
A(s)e
∫ s
0 B(x)dx ds
]
.
Let q : [0, t] → [q0,] be a smooth increasing bijection between such intervals. An explicit calculation
gives, whatever the choice of q is:
e−
∫ t
0 B(s)ds =
(
q0[(p − 2)σ − (p − σ)]
[(p − 2)σ − (p − σ)q0]
)p/σ
.
To continue the calculation, we choose q to be a straight line so that q˙ = ( − q0)/t . Explicit, but
boring, calculations yield
log
∥∥u(t)∥∥


(
q0[(p − 2)σ − (p − σ)]
[(p − 2)σ − (p − σ)q0]
)p/σ
log‖u0‖q0 + C1 log t + C2,
where C1,C2 are the values of suitable numerical, converging integrals independent of t . Thus, setting
β =
(
q0[(p − 2)σ − (p − σ)]
[(p − 2)σ − (p − σ)q0]
)p/σ
we get a bound of the form
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
 C
‖u0‖βq0
tα
, (2.5)
with α to be determined. This can be done explicitly but is long so that we choose a different argu-
ment which uses the scaling properties of the equation at hand. In fact suppose that u(t) is a solution
to the equation considered, and notice that vλ(t) := λu(λp−2t) is still a solution. If a bound like (2.5)
is satisﬁed, applying it to vλ and deﬁning τ = λp−2t yields, for all positive λ,
∥∥u(τ )∥∥

 C
λβ−1+α(p−2)‖u0‖βq0
τα
.
This forces the exponent of λ to vanish, so that α = (1− β)/(p − 2). Therefore (2.5) holds with β as
above and α related to it by the previous formula.
To prove the claim about the existence of cases in which an Lq0 –Lr regularization does not occur
for any r > (p−2)σ /(p−σ), we construct a suitable one-dimensional counterexample. It is based on
the functional inequality, of Hardy–Sobolev type:
∞∫
0
|u(x)|σ
(1+ x2)α dx C
( ∞∫
0
|u′(x)|p
(1+ x2)α−1 dx
)σ/p
, (2.6)
conditions for the validity of which on appropriate function spaces can be found in [16]. In particular,
we are interested in the validity of the above inequality for any u ∈ ACL(0,∞), where the latter
space is deﬁned as the space of absolutely continuous functions vanishing at the left extreme. In
fact, necessary and suﬃcient conditions for (2.6) to hold on this latter space can be found by using
Theorem 1.15 of [16], which characterizes the class of weights w, v for which the weighted inequality:
b∫
a
|u|σ w dx C
( b∫
a
∣∣u′∣∣p v dx
)σ/p
(2.7)
holds true for any u ∈ ACL(a,b) as those weights for which the condition
b∫
a
[( b∫
x
w(t)dt
)r/σ( x∫
a
v1−p′(t)dt
)r/σ ′
v1−p′(x)
]
dx < ∞,
where for any s > 1 we deﬁne s′ by the usual notation s−1 + (s′)−1 = 1 and, moreover, r−1 =
q−1 − p−1. It is tedious but straightforward to check that inequality (2.7) then holds precisely when
the condition
α >
σ(p − 3) + p
2(p − σ)
is satisﬁed. We note for later use that the function u(x) = x belongs to L((1 + x2)−α dx) precisely
when  < 2α − 1 and that
2α − 1 ↓ σ(p − 2)
p − σ as α ↓
σ(p − 3) + p
2(p − σ) .
We shall consider the nonlinear evolution associated to the functional
∫∞
0 |u′(x)|p(1 + x2)−α dx,
initially deﬁned on ACL(0,∞), and then extended by a method similar to the one explained in the
G. Grillo / J. Differential Equations 249 (2010) 2561–2576 2573introduction, but closing the original domain w.r.t. the norm ‖u‖σ +E (p)(u)1/p . Call E (p) the resulting
functional, which is easily shown to be lower semicontinuous and thus giving rise to a well-posed
evolution, call Ap0 its domain of ﬁniteness and A its generator. It is easy to see that F (x) = x is for-
mally an eigenfunction of A, a fact which would become rigorous upon proving that such function
lies in the appropriate function space. Separating variables (see the last section for a similar proce-
dure and some further details) we then get an explicit solution of the form, c being a given positive
constant:
u(x, t) = x[c + (p − 2)t]1/(p−2) .
We have thus constructed a family of Sobolev-type inequalities and a corresponding family of ex-
plicit solutions to the evolution equation considered which, at all times, belong to L exactly when
 < 2α − 1, and we have already noticed that this threshold approaches (from above) σ(p−2)p−σ as
α ↓ σ(p−3)+p2(p−σ) . This shows that Lq0 –L regularization cannot hold in general when  > σ(p−2)p−σ , as long
as we show that u(x) = x belongs to Ap0 . The only point to be shown is the ﬁniteness of the integrals
appearing in (2.6). The r.h.s. is ﬁnite on u(x) = x since the corresponding weight is easily shown to
be integrable because of the condition σ > 2. Similar considerations hold for the l.h.s.
To prove that the validity of (1.9) implies a suitable Sobolev-type inequality we proceed as in the
proof of Theorem 1.3, thus getting, using (1.9) with  = 2,
‖u0‖22 
∥∥u(t)∥∥22 + 2tE(p)(u0) C ‖u0‖
2β
q0
t2α
+ 2tE(p)(u0).
Optimizing in t we can write
‖u0‖22  C‖u0‖2β/(2α+1)q0 E(p)(u0)2α/(2α+1).
Applying again the results of [1] we get that this is equivalent to a Sobolev-type inequality with
q¯ = 2q0(2α + 1− β)
(2α + 1)q0 − 2β ,
which is what we stated because of the required relationship between α and β .
To get the last claim we proceed as follows. If (1.8) holds, we have proved that (1.9) holds with
β =
(
q0[(p − 2)σ − (p − σ)]
[(p − 2)σ − (p − σ)q0]
)p/σ
, (2.8)
for all  ∈ [q0, (p−2)σ /(p−σ)). The validity of the condition σ > 2 implies that  = 2 is in the above
range, and so we can apply the previous part to go back to a Sobolev-type inequality in which σ is
replaced by the above q¯ and β is given in (2.8). The dependence of q¯ on q0 is not so simple, but its
limiting behavior as q0 ↑ 2 is easily recovered, and in particular one gets by elementary calculations
that
lim
q0↑2
q¯ = 2p
p − σ + 2 .
Then we showed that the validity of (1.8) implies the validity of a similar inequality in which σ is
replaced by 2p/(p − σ + 2) − ε for any ε > 0. Notice that such quantity is smaller than p and, for
ε small enough, it is also larger than 2. Then we can iterate the procedure and we get that (1.8)
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relation
q0 = σ , qn = 2p
p − qn−1 + 2 − εn, ∀n 1.
It is easily shown that the sequence {qn} is decreasing, so that it has a limit. Since we can and shall
choose εn → 0, such a limit l must satisfy l = 2p/(p − l + 2). This implies that either l = p or l = 2.
The ﬁrst case does not occur since by q0 < p by assumption and {qn} is decreasing. Hence l = 2.
Therefore we get that (1.8) holds true with σ replaced by any qn deﬁned above, and by interpolation
we then get that the same holds with σ replaced by any q ∈ (2, σ ] since all such q lie within some
interval of the form (qn, σ ].
Remark 2.1. The one-dimensional example discussed in the above proof can be modiﬁed in order to
show that one has in general no Lq0–L regularization when σ(p−2)p−σ < q0 < .
3. Logarithmic Sobolev inequalities
In this section we shall ﬁrst prove Theorem 1.6, and then use it to construct a counterexample
which is needed in order to ﬁnish the proof of Theorem 1.3.
Proof of Theorem 1.6. We are inspired here by an idea by Cipriani [6] (see also related results by
Wang [23]). We recall that φ : [0,+∞) → [0,+∞) is said to be a Young function if it is convex and
satisﬁes limx→+∞ φ(x)/x = +∞. Suppose now, by contradiction, that there is a sequence {un} such
that each un has unit Lp(ν) norm and such that E (p)(un) → 0. We can and shall assume that un  0
for all n. Then
∫
M u
p
n logun dν → 0 as well since the p-entropy functional J (p,u) is nonnegative for
all u by Jensen’s inequality, since M has unit measure. We claim that, given the Young function
φ(x) = xp log(1 + xp), the property ∫M φ(un)dν  C for a suitable constant C and all n holds true.
In fact this is immediate from the fact that E (p)(un) → 0, from the assumed logarithmic Sobolev
inequality and from the fact that each un is normalized in Lp . Therefore we can apply de la Vallee–
Poussin Theorem (cf. [10, p. 38]). It states that if
∫
M ϕ( fn)dν  C for all n, ϕ being a Young function,
then { fn} is uniformly integrable in L1(ν). Use this fact and the previous considerations, choosing
ϕ(x) = x log(1 + x), to notice that {upn } is then a uniformly integrable subset of L1(ν), so that it is
relatively compact in the σ(L1(ν), L∞(ν)) topology, by the Dunford–Pettis criterion [10, p. 43]. By
passing to a subsequence we can assume that un converges, in the stated topology, to a nonnegative
integrable function w .
Moreover, since g ≡ 1 is by assumption integrable, we have by deﬁnition of weak convergence:
‖w‖1 =
∫
M
w dν =
∫
M
w · 1dν = lim
n→+∞
∫
M
upn · 1dν = ‖un‖pp = 1.
Moreover, the fact that (1.6) holds and the assumption that E (p)(un)→0 imply that∫
M u
p logu dμ→0. Therefore, there exists a μ-measurable set A such that upn → I A μ-a.e. But {upn }
has been shown to be a uniformly integrable sequence, so that (see [10, p. 36]) upn → 1 strongly
in L1(ν). Therefore in particular 1 = ‖upn‖1 → ‖I A‖1 = ν(A) and hence A has full measure. Collecting
the above results we have that upn → 1 strongly in L1(ν), i.e.
∫
M |upn − 1|dν → 0. This fact and the
numerical inequality |x− 1|p  |xp − 1| for all x 0 show that un → 1 strongly in Lp(ν).
Therefore we have constructed a sequence of functions un ∈ D(E (p)) such that un → 1 strongly
in Lp(ν) and E (p)(un) → 0. Hence the function w ≡ 1 belongs to Ap0 (M), a contradiction. 
Remark 3.1. The running assumptions on V ,W play no role in the theorem above.
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we use the result of Theorem 1.6. In fact, let dμ = dν = ce−x2/2 dx, c being a normalization constant,
on the positive half-line [0,+∞). It is well known that the L2 logarithmic Sobolev inequality
∞∫
0
u2 log
(
u
‖u‖2
)
dν  c1E(2)(u)
e.g. for smooth, compactly supported function. It is standard (see anyway [13]) that the above inequal-
ity implies the validity of similar Lp logarithmic Sobolev inequalities involving E (p) , for the same set
of functions. Hence the Lp Poincaré inequality holds on Ap0 ((0,+∞)). But the evolution equation as-
sociated to E (p) has unbounded solutions corresponding to a suitable initial datum belonging to Lq0
for all q0 ∈ [1,+∞). In fact, notice that X(x) = x vanishes at zero and satisﬁes
[Ap,V ,V X](x) = ex2/2 d
dx
(
e−x2/2
∣∣X ′(x)∣∣p−2 d
dx
X(x)
)
= ex2/2 d
dx
(
e−x2/2 d
dx
X(x)
)
= ex2/2 d
dx
(
e−x2/2
)= −x = −X(x).
We look for solutions u to the evolution equation of the form u(x, t) = T (t)X(x), with X as above. The
homogeneity of the generator forces T to satisfy T˙ = −T p−1, where the dot denotes differentiation
w.r.t. t . This gives
T (t) = 1[c + (p − 2)t]1/(p−2)
so that we have the explicit solution, where we consider only the case in which the arbitrary con-
stant c is positive,
u(x, t) = x[c + (p − 2)t]1/(p−2) .
It is plain that, for any positive c, the solution u corresponds to an initial datum belonging to Lq0 for
all q0 = ∞, and moreover that u is not essentially bounded for any positive time t . 
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